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Abstract. - We consider the Euclidean large-N Ginzburg–Landau model in D dimensions, d
(d ≤ D) of them being compactified. For D = 3, the system can be supposed to describe, in
the cases of d = 1, d = 2, and d = 3, respectively, a superconducting material in the form of
a film, of an infinitely long wire having a rectangular cross-section and of a brick-shaped grain.
We investigate the fixed-point structure of the model, in the presence of an external magnetic
field. An infrared-stable fixed points is found, which is independent of the number of compactified
dimensions. This generalizes previous work for type-II superconducting films.
Introduction. – A large amount of work has already
been done on the Ginzburg–Landau (GL) model, both in
its single component and in the N -component versions,
using the renormalization group approach [1–7]. In partic-
ular, an analysis of the renormalization group in finite-size
geometries can be found in [8] and a general study of phase
transitions in confined systems is in [10]. These studies
have been performed to take into account boundary ef-
fects on thermodynamical quantities, in particular on the
transition temperature . The existence of phase transi-
tions are in this case associated to some spatial parame-
ters related to the breaking of translational invariance, for
instance, the distance L between planes confining the sys-
tem. Also, in other contexts, the influence of boundaries
on the behavior of systems undergoing transitions have
been investigated as in for instance [9].
We analyze in the present note effects of boundaries on
the transition by considering that such confined systems
are modeled by compactifying spatial dimensions [10].
Compactification is engendered as a generalization of the
Matsubara (imaginary-time) prescription to account for
constraints on the spatial coordinates. In the original Mat-
subara formalism, time is rotated to the imaginary axis,
t → iτ , where τ (the Euclidean time) is limited to the
interval 0 ≤ τ ≤ β, with β = 1/T standing for the inverse
temperature. The fields then fulfill periodic (bosons) or
antiperiodic (fermions) boundary conditions and are com-
pactified on the τ -axis in an S1 topology, the circumfer-
ence of length β. Such a formalism leads to the descrip-
tion of a system in thermal equilibrium at the temperature
β−1. Since in a Euclidean field theory space and time are
on the same footing, one can envisage a generalization of
the Matsubara approach to any set of spatial coordinates
as well [11, 12].
The conceptual framework for studying simultaneously
finite temperature and spatial constraints has been devel-
oped by considering a simply or nonsimply connected D-
dimensional manifold with a topology of the type Γd+1D =
RD−d−1×S10×S11×· · ·×S1d, with S10 corresponding to the
compactification of the imaginary time and S11, . . . ,S
1
d re-
ferring to the compactification of d spatial dimensions [12].
Physical manifestations of this type of topology include,
for instance, the vacuum-energy fluctuations giving rise to
the Casimir effect (see for instance [10] and other refer-
ences therein). In the study of phase transitions, the de-
pendence of the critical temperature on the compactifica-
tion parameters is found in several situations of condensed-
matter physics [10,14–18]. Also, this kind of formalism has
been employed in the investigation of the confining phase
transition in effective theories for Quantum Chromody-
namics [19–23]. In the Γd+1D topology, the Feynman rules
are modified by introducing a generalized Matsubara pre-
scription, performing the following multiple replacements
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[compactification of a (d+ 1)-dimensional subspace]:∫
dk0
2π
→ 1
β
+∞∑
n1=−∞
,
∫
dki
2π
→ 1
Li
+∞∑
ni=−∞
k0 → 2(n0 + c)π
β
ki → 2(ni + c)π
Li
, (1)
where for each i = 1, 2, . . . , d, Li is the size of the com-
pactified spatial dimension i and c = 0 or c = 1/2 for,
respectively, bosons and fermions.
The compactification formalism described above has
been applied to field-theoretical models in arbitrary di-
mension with compactification of any subspace [17,18,24].
This formalism has also been developed from a path-
integral approach in [13]. This allows to generalize to any
subspace previous results in the effective potential frame-
work for finite temperature and spatial boundaries. This
mechanism generalizes and unifies results from recent work
on the behavior of field theories in the presence of spatial
constraints [9,12,24], and previous results in the literature
for finite-temperature field theory as, for instance, in [25].
When studying the compactification of spatial coordi-
nates, however, it is argued in [10] from topological con-
siderations, that we may have a quite different interpre-
tation of the generalized Matsubara prescription: it pro-
vides a general and practical way to account for systems
confined in limited regions of space at finite temperature.
Distinctly, we shall be concerned here with a stationary
field theory and employ the generalized Matsubara pre-
scription to study bounded systems by implementing the
compactification of spatial coordinates, no imaginary-time
compactification will be done. We will consider a topol-
ogy of the type ΓdD = R
D−d × S11 × S12 × · · · × S1d, where
S11, . . . ,S
1
d refer to the compactification of d spatial dimen-
sions.
We consider in the present note the Euclidean vector
N -component (λϕ4)D theory at leading order in 1/N , the
system being submitted to the constraint of being limited
by d pairs of parallel planes. Each pair is orthogonal to the
coordinate axes x1, . . . , xd, respectively, and in each one
of them the planes are at distances L1, . . . , Ld apart from
one another. This may be pictured as a parallelepiped-
shaped box embedded in the D-dimensional space, whose
parallel faces are separated by distances L1, L2,. . ., Ld.
¿From a physical point of view, we could take in particular
D = 3 and introduce temperature by means of the mass
term in the Hamiltonian in the usual Ginzburg–Landau
way. These models can then describe a superconducting
material in the shapes of a film (d = 1), of a wire (d = 2)
and of a grain (d = 3). With geometries such as these,
some of us have been able to obtain general formulas for
the dependence of the transition temperature and other
quantities on the parameters delimiting the spatial region
within which the system is confined (see for instance [17,
18] and other references therein).
We consider the critical behavior of the system under
the influence of an external magnetic field. Physically, for
D = 3, this corresponds to superconducting films, wires
and grains in a magnetic field. In [5], a large-N theory
of a second-order transition for arbitrary dimension D is
presented and the fixed-point effective free energy describ-
ing the transition is found. The theory is based on the
Ginzburg–Landau model with the coupling of scalar and
gauge fields. While ignoring gauge-field fluctuations, the
model includes an external magnetic field. The authors
in [5] also claim that it is possible that in the physical
situation of N = 1, a mechanism of reduction of the lower
critical dimension could allow a continuous transition in
D = 3. In [7], the possibility of the existence of a phase
transition for a superconducting film in the presence of
an external magnetic field has been investigated. This
has been done in the renormalization-group framework by
looking for the existence of infrared-stable fixed points for
the β function.
In this note, we study, for arbitrary space dimension D
and for any number d ≤ D of compactified dimensions,
the fixed-point structure of the model, thus generalizing
a previous study for films [7]. We shall neglect the min-
imal coupling with the vector potential corresponding to
the intrinsic gauge fluctuations. Our main concern will
be to analyze the model from a field-theoretical point of
view. In this sense, the present work may be seen as a
further development of previous papers by some of us, as
for instance [7, 12, 13, 15].
The compactified model in the presence of an
external field. – We consider the N -component vec-
tor model described by the Ginzburg–Landau Hamiltonian
density
H = [(∂µ − ieAextµ )ϕa] [(∂µ − ieAext,µ)ϕa]
+m2ϕaϕa + u (ϕaϕa)
2, (2)
in Euclidean D-dimensional space, where u is the cou-
pling constant and m2 is a mass parameter such that
m2 = α (T − T0) and T0 the bulk transition tempera-
ture. Summation over repeated indices µ and a is as-
sumed. In the following, we will consider the model de-
scribed by the Hamiltonian (2) and take the large-N limit,
such that u→ 0, N →∞ with Nu = λ fixed. For D = 3,
from a physical point of view, such Hamiltonian is sup-
posed to describe type-II superconductors. In this case,
it has been assumed that the external magnetic field H
is parallel to the z-axis and the gauge Aext = (0, xH, 0)
was chosen. In the present D-dimensional case, we as-
sume analogously a gauge Aext = (0, x1H, 0, 0, . . . , 0),
with {xi} = x1, x2, · · ·xD, meaning that the applied ex-
ternal magnetic field lies on a fixed direction along one of
the coordinate axis; for simplicity, in the calculations that
follow, we have adopted the notation x1 ≡ x, x2 ≡ y.
If we consider the system in unlimited space, the field ϕ
should be written in terms of the well-known Landau-level
p-2
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basis,
ϕ(r) =
∞∑
ℓ=0
∫
dpy
2π
∫
dD−2p
(2π)D−2
ϕ˜ℓ,py,pχℓ,py,p(r), (3)
where χℓ,py,p(r) are the Landau-level eigenfunctions given
by
χℓ,py,p(r) =
1√
2ℓℓ!
(ω
π
)1/4
ei(p·r+pyy)e−ω(x−py/ω)
2/2
×Hℓ
(√
ωx− py√
ω
)
, (4)
with energy eigenvalues Eℓ (|p|) = |p|2 + (2ℓ+ 1)ω +m2
and ω = eH is the so-called cyclotron frequency. In the
above equation, p and r are (D − 2)-dimensional vectors.
We use Cartesian coordinates r = (x1, . . . , xd, z), where z
is a (D − d)-dimensional vector, with corresponding mo-
menta k = (k1, . . . , kd,q), q being a (D − d)-dimensional
vector in momentum space. Under these conditions, the
generating functional of correlation functions is written as
Z =
∫
Dϕ∗Dϕ exp
(
−
∫ L1
0
dx1 · · ·
∫ Ld
0
dxd
×
∫
dD−d−2z H (|ϕ|, |∇ϕ|)
)
, (5)
the field ϕ(x1, . . . , xd, z) satisfying the condition of con-
finement inside the box, ϕ({xi ≤ 0}, z) = ϕ({xi ≥
Li}, z) = const. Then the field representation should
be modified and have a mixed series-integral Fourier ex-
pansion of the form
ϕ(x1, . . . , xd, z) =
∞∑
ℓ=0
d∑
i=1
∞∑
ni=−∞
cni
∫
dpy
2π
×
∫
dD−d−2q b(q)e−iωnix −iq·zϕ˜ℓ(ωni ,q), (6)
where, for i = 1, . . . , d, ωni = 2πni/Li and the coefficients
cni and b(q) correspond respectively to the Fourier se-
ries representation over the xi and to the Fourier integral
representation over the (D − d − 2)-dimensional z-space.
We now apply the Matsubara-like formalism according to
Eq. (1), remembering that here we have no imaginary-time
compactification.
Infrared behavior and fixed points. – In the fol-
lowing, we consider only the lowest Landau level ℓ =
0. For D = 3, this assumption usually corresponds to
the description of superconductors in the extreme type-
II limit. Under this assumption, we obtain the effec-
tive |ϕ|4 interaction in momentum space and at the crit-
ical point, λ(p,D, {Li};ω), from the four-point function,
Γ
(4)
D (p, {Li},m = 0). The four-point function is given by
the sum of all chains of one-loop diagrams, which leads to
λ(p,D, {Li};ω) ≡ lim
u→0 ; N→∞
NΓ
(4)
D (p, {Li},m = 0)
=
λ
1 + λωe−(1/2ω)(p
2
1
+p2
2
)Π(p,D, {Li} , m = 0)
, (7)
with Nu = λ fixed and where the single 1-loop bubble
Π(p,D, {Li},m = 0;ω) is given by
Π(p,D, {Li},m = 0) =
1
L1 · · ·Ld
d∑
i=1
∞∑
ni=−∞
∫ 1
0
dx
∫
dD−d−2q
(2π)D−d−2
× 1[
q2 + ω2n1 + · · ·+ ω2nd + p2x(1 − x)
]2 .
(8)
This is the same kind of expression that is encountered
in [18], with the only modification that D → D − 2 and
the role of the mass is played by the quantity
√
p2x(1 − x).
Also, one should be reminded that p is a (D − 2)-
dimensional vector. The analysis is then performed along
the same lines as in [18] and we obtain, analogously,
Π(p,D, {Li},m = 0) = (2π)1−D/2
[
21−D/2
1
(2π)
2 c(D)
×Γ
(
3− D
2
)(
p2
)D/2−3
+
∫ 1
0
dx
 d∑
i=1
∞∑
ni=1
(√
p2x(1 − x)
2πLini
)(D−2)/2−2
× K(D−2)/2−2
(
1
2π
√
p2x(1 − x)Lini
)
+2
d∑
i<j=1
∞∑
ni,nj=1
 √p2x(1 − x)
2π
√
L2in
2
i + L
2
jn
2
j
(D−2)/2−2
×K(D−2)/2−2
(
1
2π
√
p2x(1 − x)
√
L2in
2
i + L
2
jn
2
j
)
+ · · ·
+2d−1
∞∑
n1,...,nd=1
( √
p2x(1 − x)
2π
√
L21n
2
1 + · · ·+ L2dn2d
)(D−2)/2−2
×K(D−2)/2−2
(
1
2π
√
p2x(1 − x)
√
L21n
2
1 + · · ·+ L2dn2d
)]
,
(9)
where
c(D) =
∫ 1
0
dx (x(1 − x))D/2−3 = 25−D√πΓ
(
D
2 − 2
)
Γ
(
D−3
2
) .
(10)
As for the infrared behavior of the β function, it suffices
to study it in the neighborhood of |p| = 0, so that we can
use the asymptotic formula in the |p| ≈ 0 limit, for small
values of the argument of the modified Bessel functions,
Kν(z) ≈ 1
2
Γ(ν)
(z
2
)
−ν
(z ∼ 0). (11)
¿From Eq. (9), it turns out that in the |p| ≈ 0 limit, the
bubble Π is written in the form
Π(|p| ≈ 0, D, {Li},m = 0)
= A(D) |p|D−6 + Cd(D, {Li}), (12)
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with
A(D) = (2π)
−D/2−1
21−D/2c(D)Γ
(
3− D
2
)
, (13)
and where the quantity Cd(D, {Li}) is
Cd(D, {Li}) = (2π)−(D−2)/2
×
∫ 1
0
dx
 d∑
i=1
∞∑
ni=1
(√
p2x(1 − x)
2πLini
)(D−2)/2−2
× K(D−2)/2−2
(
1
2π
√
p2x(1 − x)Lini
)
+2
d∑
i<j=1
∞∑
ni,nj=1
 √p2x(1− x)
2π
√
L2in
2
i + L
2
jn
2
j
(D−2)/2−2
×K(D−2)/2−2
(
1
2π
√
p2x(1 − x)
√
L2in
2
i + L
2
jn
2
j
)
+ · · ·
+2d−1
∞∑
n1,...,nd=1
( √
p2x(1− x)
2π
√
L21n
2
1 + · · ·+ L2dn2d
)(D−2)/2−2
×K(D−2)/2−2
(
1
2π
√
p2x(1− x)
√
L21n
2
1 + · · ·+ L2dn2d
)]
.
(14)
If an infrared-stable fixed point exists for any of the models
with d confining dimensions, it is determined by a study of
the infrared behavior of the Callan–Symanzik β function,
i.e., in the neighborhood of |p| = 0. Therefore, we should
investigate the above equations for |p| ≈ 0.
In this case, we consider a typical term in Eq. (14),
which has the form
∞∑
n1,...,nq=1
 √p2x(1 − x)
2π
√
L21n
2
1 + · · ·+ L2qn2p
(D−2)/2−s
×K(D−2)/2−s
(
1
2π
√
p2x(1 − x)
√
L21n
2
1 + · · ·+ L2qn2q
)
, (15)
with s = 2 and q = 1, 2, . . . , d. In the limit |p| ≈ 0, using
Eq.(11), Eq. (15) reduces to
1
2
Γ
(
D
2
− s
)
Eq
(
D
2
− s;L1, . . . , Lq
)
. (16)
Eq. (16) is expressed in terms of one of the multidimen-
sional Epstein zeta functions Eq
(
D
2 − s;L1, . . . , Lq
)
, for
q = 1, 2, . . . , d, which are defined by [26–29]
Eq (ν;σ1, . . . , σq) =
∞∑
n1,...,nq=1
[
σ21n
2
1 + · · ·+ σ2qn2q
]
−ν
.
(17)
Notice that, for q = 1, Eq reduces to the Riemann zeta
function ζ(z) =
∑
∞
n=1 n
−z. One can also construct analyt-
ical continuations and recurrence relations for the multidi-
mensional Epstein functions, which permit to write them
in terms of modified Bessel and Riemann zeta functions
[12, 27–29]. One gets
Eq (ν;L1, . . . , Lq) = − 1
2 q
q∑
i=1
Eq−1
(
ν; . . . , L̂i, . . .
)
+
√
π
2 dΓ(ν)
Γ
(
ν − 1
2
) q∑
i=1
1
Li
Eq−1
(
ν − 1
2
; . . . , L̂i, . . .
)
+
2
√
π
q Γ(ν)
Wq
(
ν − 1
2
, L1, . . . , Lq
)
,
(18)
where the hat over the parameter Li in the functions Eq−1
means that it is excluded from the set {L1, . . . , Lq} (the
others being the q − 1 parameters of Eq−1), and
Wq (ν;L1, . . . , Lp) =
q∑
i=1
1
Li
∞∑
n1,...,nq=1 πni
Li
√
· · ·+ L̂in2i + · · ·
ν
×Kν
(
2πni
Li
√
· · ·+ L̂in2i + · · ·
)
,
(19)
with · · ·+ L̂in2i + · · · representing the sum
∑q
j=1 L
2
jn
2
j −
L2in
2
i .
Getting back to the infrared behavior, we see from (16)
that in the limit |p| ≈ 0, the p2-dependence of the modi-
fied Bessel functions exactly compensates the one coming
from the accompanying factors. Thus the remaining p2-
dependence is only that of the first term of (12), which is
the same for all number of compactified dimensions d. It
is worth mentioning also that the simultaneous use of the
Matsubara prescription and the Feynman parametrization
leads to analiticity problems. This fact has been already
investigated, for instance, in Refs [30, 31]. In our case,
we see from Eqs. (10) and (13) that, due to the singular-
ities of the gamma functions, Π(|p| ≈ 0, D, {Li},m = 0)
in Eq. (12) is well-behaved in the range of dimensions
4 < D < 6. We will thus study our system for dimensions
in this range. We emphasize that this range of dimensions,
4 < D < 6, is the same that is compatible with the exis-
tence of a second-order phase transition for the system in
bulk form in previous publications [5, 32, 33].
Fixed points. For all d ≤ D, within the domain of
validity of D, we have, by inserting (12) in Eq.(7), the
running coupling constant
λ (|p| ≈ 0, D, {Li}) ≈
λ
1 + λωe−(1/2ω)(p
2
1
+p2
2
) [A(D)|p|D−6 + Cd (D, {Li})]
. (20)
Let us take |p| as a running scale, and define the dimen-
sionless coupling
g = ωλ(p1 = p2 = 0, D, {Li})|p|D−6, (21)
p-4
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where we remember that in this context p is a (D − 2)-
dimensional vector.
The β function controls the rate of the renormalization-
group flow of the running coupling constant and a (non-
trivial) fixed point of this flow is given by a (nontrivial)
zero of the β function. For |p| ≈ 0, we obtain straightfor-
wardly from Eq. (21),
β(g) = |p| ∂g
∂|p| ≈ (D − 6)
[
g −A(D)g2] , (22)
¿From Eqs. (13) and (10) we see that we have an infrared-
stable fixed point, g∗(D), for dimensions D such that 4 <
D < 6,
g∗(D) =
1
A(D)
. (23)
We see that the {Li}-dependent Cd-part of the subdia-
gram Π does not play any role in this expression and,
since A(D) is the same for all number of compactified di-
mensions, so is g∗ only dependent on the space dimension.
Concluding remarks. – In this note, we have dis-
cussed the infrared behavior and the fixed-point structure
of the N -component Ginzburg–Landau model in the large-
N limit, the system being confined in a d-dimensional box
with edges of length Li, i = 1, 2, . . . , d (compactification
in a d-dimensional subspace). We have studied the case
in which the system is submitted to the action of an ap-
plied external magnetic field. In this case, we get the result
that the existence of an infrared-stable fixed point depends
only on the space dimension D; it does not depend on the
number of compactified dimensions.
In the case of the system in the presence of an exter-
nal magnetic field, it is interesting to compare our re-
sults with those obtained for type-II materials in bulk
form. For instance, a large-N analysis and a functional
renormalization-group study performed in Refs. [5, 32, 33]
conclude for a second-order transition in dimensions 4 <
D < 6. The same conclusion is obtained in Ref. [6]. The
authors of Ref. [32] claim, moreover, that the inclusion of
fluctuations does not alter significantly the main charac-
teristic of the system, that is, the existence of a continuous
transition into a spatially homogeneous condensate. For
the system under the action of an external magnetic field,
the existence of a fixed point for 4 < D < 6 should be
taken as an indication, not as a demonstration, of the ex-
istence of a continuous transition. As already discussed
in [32, 33], in this case, even if infrared fixed points exist,
none of them can be completely attractive. The existence
of an infrared fixed point in the presence of a magnetic
field, as found in this paper, does not assure the (formal)
existence of a second-order transition. Anyway, we con-
clude that, for materials in the form of films, wires and
grains under the action of an external magnetic field, as
is also the case for materials in bulk form, if there exists
a phase transition for D < 4, in particular in D = 3, it
should not be a second-order one. Moreover, the fixed
point is independent of the size of the system or, in other
words, the nature of the transition in the presence of a
magnetic field is insensitive to the confining geometry.
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